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ON THE CHELTSOV–RUBINSTEIN CONJECTURE
KENTO FUJITA, YUCHEN LIU, HENDRIK SU¨SS, KEWEI ZHANG, AND ZIQUAN ZHUANG
Abstract. In this note we investigate the Cheltsov–Rubinstein conjecture. We show
that this conjecture does not hold in general and some counterexamples will be presented.
1. Introduction
In the study of canonical metrics on Fano type manifolds, Ka¨hler-Einstein edge (KEE)
metrics are a natural generalization of Ka¨hler-Einstein metrics: they are smooth metrics
on the complement of a divisor, and have a conical singularity of angle 2piβ transverse to
that complex edge (see [Rub14] for a survey, precise definition and references). Consider-
able amount of work on KEE metrics in recent years has concerned the behavior of such
metrics when the cone angle is relatively large (e.g., close to 2pi).
In 2013, Cheltsov–Rubinstein [CR15] initiated a systematic study of the behavior in the
other extreme when the cone angle β goes to zero. To explore this small cone angle world,
it is natural to work on asymptotically log Fano varieties, a class of varieties introduced
in op. cit.
Definition 1.1. [CR15] Let X be a normal projective variety over C. Let D =
∑
Di be
an effective divisor on X, where each Di is a prime divisor. We say the pair (X,D) is
(strongly) asymptotically log Fano if the log pair (X,
∑
(1 − βi)Di) is log Fano for (all)
sufficiently small βi ∈ (0, 1].
Note that, if D has only one component, then (X,D) being (strongly) asymptotically
log Fano just means that (X, (1 − β)D) is log Fano for sufficiently small β. Regarding
the existence of KEE metrics on such pairs, Cheltsov–Rubinstein proposed the following
conjecture.
Conjecture 1.2. [CR15] Let (X,D) be a smooth asymptotically log Fano pair where D is
a smooth divisor. Then (X, (1− β)D) admits a KEE metric with sufficiently small cone
angle β along D if and only if (KX +D)
dimX = 0.
One direction of this conjecture (the necessary part) has been verified by Cheltsov–
Rubinstein [CR18] (for dimension 2) and Fujita [Fuj16] (for higher dimensions). Moreover,
Cheltsov–Rubinstein [CR15, CR18] confirmed the conjecture for all pairs in dimension 2
except one infinite family of pairs, and recently Cheltsov–Rubinstein–Zhang [CRZ19] con-
firmed the conjecture for all but 6 of these pairs. In this note we show that some of these
remaining cases provide counterexamples to Conjecture 1.2 (see Section 2). In addition we
provide other counterexamples in higher dimensions and investigate the subtlety involved
(see Section 3).
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2. Examples and counterexamples in dimension 2
2.1. Preliminaries.
In this section, we let (S,C) be a smooth asymptotically log del Pezzo pair. As-
sume that (KS + C)
2 = 0. For the sufficient part, in dimension 2, it is useful to divide
into two cases: when KS + C ∼ 0 and when KS + C 6∼ 0. In the first case existence
(and hence the conjecture 1.2) follows from [JMR16, Corollary 1] which resolved a
conjecture of Donaldson [Don09]. In the second case, Cheltsov–Rubinstein’s classification
of asymptotically log del Pezzo surfaces [CR15, Theorem 2.1] reduces the task to (F1, C)
with C ∈ |2Z1+2F | or (Sr, Cr) where Sr the blow-up of P1×P1 at r-points on a bi-degree
(2, 1) curve with no two on the same (0, 1) curve and Cr its proper transform. In [CR15]
the first surface (F1, C) was successfully treated using α-invariant techniques and in
a recent article [CRZ19] all but 6 of the pairs (Sr, Cr) were handles using δ-invariant
techniques (see [CRZ19, Theorem 1.3]). Thus the conjecture seemed plausible, at least
in dimension 2. Somewhat surprisingly, we show that nevertheless some of (S1, C1) and
(S2, C2) provide subtle counterexamples to Conjecture 1.2.
More precisely, we will show that, for r = 1 and r = 2, some special configurations of
(Sr, Cr) are not uniformly K-stable. Here by ‘special’ we mean that the blown up points
on the (1, 2) curve are chosen in a specific way.
To do this, we make use of the delta invariant defined by Fujita–Odaka [FO18] and we
will show that, for some special (S,C) from above, one has
δ
(
S, (1− β)C) ≤ 1, for sufficiently small β.
This means that (S, (1 − β)C) is not uniformly K-stable by [BJ17]. Then some further
argument will imply the non-existence of small cone angle KEE metrics (see Remark 2.10
and 2.11).
To bound δ-invariants from above, we use the following characterization of δ-invariant
(see [FO18, BJ17]):
(2.1) δ
(
S, (1− β)C) = inf
Z
AS,(1−β)C(Z)
SS,(1−β)C(Z)
.
Here Z runs through all the prime divisors over the surface S and AS,(1−β)C(Z) denotes the
log discrepancy of Z. For simplicity, we will write A(Z) := AS,(1−β)C(Z) in the following.
Moreover, the quantity S(Z) := SS,(1−β)C(Z) is called the expected vanishing order of
−KS − (1− β)C along Z, which is defined by
S(Z) :=
1
(−KS − (1− β)C)2
∫ τ(Z)
0
Vol(−KS − (1− β)C − xZ)dx,
where τ(Z) denotes the pseudo-effective threshold of −KS − (1− β)C with respect to Z.
And as we will see, in some cases, the infimum in (2.1) is obtained by some specific Z
over S.
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2.2. Basic setup and notation.
In this subsection, we fix some notation, which will be used throughout this sec-
tion. Set
S := P1 × P1, C := a smooth curve of bi-degree (1, 2) ⊂ S.
Denote by F a general vertical line of bi-degree (1, 0) and by H a general horizontal line
of bi-degree (0, 1).
let ([s : t], [u : v]) be the bi-homogeneous coordinate system on S. Then, up to a linear
change of coordinates, we may assume that C is cut out by the equation sv2 = tu2.
The linear system |F | contains exactly two curves that are tangent to C. Denote them
by F 0, F∞, and let
p0 := F 0 ∩ C, p∞ := F∞ ∩ C.
In ([s : t], [u : v]) coordinates, one simply has F 0 = {t = 0}, F∞ = {s = 0}, p0 = ([1 :
0], [1; 0]) and p∞ = ([0 : 1], [0 : 1]). We also put H0 and H∞ to be the horizontal (0, 1)
curves that intersect C transversely at p0 and p∞ respectively. So H0 = {v = 0} and
H∞ = {u = 0}.
Figure 1.
Choose some r ∈ N and let F 1, . . . , F r be distinct bi-degree (1, 0) curves in S that are
all different from the curves F 0 and F∞. Then each intersection F i ∩ C consists of two
points. For each i = 1, . . . r, let
pi ∈ F i ∩ C
be one of these two points.
Set
I := {i1, . . . , ir} ⊂ {0, 1, ..., r,∞},
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and let S := SI denote the blow-up of S at the r points {pi}i∈I ⊂ {p0, p1, ..., pr, p∞}, with
pi : S → S being the blowup morphism. Let us denote by
Ej := pi
−1(pj), j ∈ I,
the exceptional curves of pi. To be precise, we note that we are blowing-up r of the r + 2
points {p0, p1, ..., pr, p∞}. Denote by
F0, F1, . . . , Fr, F∞
the proper transform on the surface S of the curves F 0, F 1, . . . , F r, F∞ (note that exactly
r of these are −1-curves and the remaining two are 0-curves). We also set H i to be the
horizontal (0, 1) curve passing through pi and let Hi be its proper transform on S.
Let C be the proper transform of the curve C, so
C = pi∗C −
∑
j∈I
Ej ∼ pi∗(F + 2H)−
∑
j∈I
Ej.
For any sufficiently small rational number β > 0, we put
Lβ := −KS − (1− β)C.
Then we have
Lβ ∼Q (1 + β)F + 2βH ∼Q F + βC.
Let
Lβ := −KS − (1− β)C.
Then we have
Lβ ∼Q pi∗Lβ − β
∑
j∈I
Ej ∼Q pi∗
(
(1 + β)F + 2βH
)− β∑
j∈I
Ej ∼Q pi∗F + βC.
Note that Lβ is an ample Q-line bundle for sufficiently small β, so that the pair (S,C) is
asymptotically log del Pezzo.
2.3. Blowing up two special points.
In this part we set r = 2 and I = {0,∞}. So (S,C) is obtained by blowing up
p0 and p∞. In this case, Lβ is ample for any β ∈ (0, 1]. The main result is the following.
Proposition 2.2. (S, (1 − β)C) admits a KEE metric with cone angle β along C for
β ∈ (0, 1]
To show this, we use Tian’s αG-invariant, where we take
G := C∗ o Z2.
Note that G ⊂ Aut(P1). The action is simply given by multiplication and involution.
If we embed P1 into S = P1 × P1 as the (1, 2) curve C (the map is given by [x : y] 7→
([x2 : y2], [x : y])), then the G-action extends to (S,C). Namely, G ⊂ Aut(S,C). More
specifically, for any (λ, ι) ∈ G and ([s : t], [u : v]) ∈ S, the induced action is given by
λ · ([s : t], [u : v]) = ([s : λ2t], [u : λv]), ι · ([s : t], [u : v]) = ([t : s], [v : u]).
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This G-action lifts to (S,C) since we are blowing up p0 and p∞. In particular, the curves
F0, E0, H0, F∞, E∞, H∞ and C are all C∗-invariant and
ι(F0) = F∞, ι(E0) = E∞, ι(H0) = H∞, ι(C) = C.
Figure 2.
Remark 2.3. Due to the existence of G-action, Proposition 2.2 implies that the log Fano
pair
(
S, (1−β)C) is log K-polystable. Moreover, when β = 1, this recovers the well-known
existence of KE metrics on Bl3P2.
To prove Proposition 2.2, it is enough (see [JMR16, Theorem 2, Lemma 6.11]) to show
the following
Proposition 2.4. One has αG
(
S, (1− β)C) = 1 for β ∈ (0, 1].
Here αG
(
S, (1− β)C) is defined as
αG
(
S, (1− β)C) := sup{λ ∈ Q ∣∣∣∣∣ the log pair (S, (1− β)C + λD) is log canonicalfor every G-invariant Q-linear system D ∼Q Lβ
}
.
Remark 2.5. In fact, to compute our αG, it suffices to consider G-invariant divisors.
Indeed, as C∗ is abelian, so any C∗-invariant linear system must contain a C∗-divisor D.
Then it is enough to look at 1
2
(D + ι(D)), as in [CS18, Section 7].
Proof of Proposition 2.4. We will show that for any G-invariant divisor D ∼Q Lβ the pair
(S, (1 − β)C + D) is log canonical, but (S, (1 − β)C + λD) is not for λ > 1. The the
Picard group of S has basis [H] := [pi∗H0], [F ] := [pi∗F 0], [E0] and [E∞]. In this basis we
have [F0] = [F ]− [E0], [F∞] = [F ]− [E∞], [H0] = [H]− [E0] and [H∞] = [H]− [E∞]. An
anti-canonical divisor is given by
(2.6) −KS = 2H + 2F − E0 − E∞.
Note, that the C∗-invariant curves on S are given by E0, E∞, F0, F∞, H0, H∞ and the
strict transforms C[α:β] of the curves C [α:β] = [αsv
2 = βtu2] ⊂ S for [α : β] ∈ P1 \ {0,∞}.
These curves are all linearly equivalent to 2H + F − E0 − E∞ and each of them passes
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through the intersection points p0 = E0 ∩ F0 and p∞ = E∞ ∩ F∞ intersecting all four
curves transversely. The curves C[α:β] also intersect each other pairwise transversely in
these two points.
Being G-invariant the divisor (1− β)C +D ∼ −KS has to have the form
e(E0 + E∞) + f(F0 + F∞) + h(H0 +H∞) +
∑
γiC[αi:βi].
We set γ :=
∑
i γi. Passing to the classes in the Picard group of S we get
[(1− β)C +D] = (e− f − h− γ)([E0] + [E∞]) + (2f + γ) · [F ] + (2h+ 2γ) · [H].
Comparing coefficient with−KS in (2.6) gives h = 1−γ, f = 1−γ/2 and e = f+h+γ−1 =
1− γ/2. Therefore all coefficients of (1− β)C +D are less or equal to 1. A log resolution
of
(
S, (1− β)C + D) is given by further blowing up S in p0 and p∞. The multiplicity of
(1− β)C + D in these points is γ + e + f = 2. This implies that the discrepancy at the
corresponding exceptional divisor is −1 and rescaling D by a constant λ > 1 will further
decrease this discrepancy. 
2.4. Counterexamples.
In this part we carry out some explicit computation and give upper bounds for
δ
(
S, (1 − β)C). This will give us some counterexamples to Conjecture 1.2 (see Remark
2.10 and 2.11).
Recall that, for any prime divisor Z over the surface S, we have the expected vanishing
order
S(Z) :=
1
(Lβ)2
∫ τ(Z)
0
Vol(Lβ − xZ)dx.
Proposition 2.7. For any r ≥ 1, one has
S(Z) =

1
2
+ 6−r
8
β +O(β2), Z = Ei, i ∈ I;
1
2
+ 6−r
8
β +O(β2), Z = Fi, i ∈ I;
β
2
+ r−4
24
β2 +O(β3), Z = C;
1
2
+ 4−r
8
β +O(β2), Z ∈ |pi∗F |.
This follows from explicit computation; see [CRZ19] for more details. Note that, in the
above proposition, the prime divisor Z is on the surface S. We can also consider Z over
S.
Proposition 2.8. We have the following
(1) Suppose that p ∈ C is away from any Fi or Ei, where i ∈ I. Let S˜ σ−→ S be the
blow-up of p and let Z be the exceptional curve of σ. Then
S(Z) =
1
2
+
12− r
8
β +O(β2), r ≥ 0
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(2) Suppose that 0 ∈ I, i.e. p0 is blown up. Put p0 = E0 ∩ C. Let S˜ σ−→ S be the
blow-up of p0 and let Z be the exceptional curve of σ. Then
S(Z) = 1 +
6− r
4
β +O(β2), r ≥ 1.
Moreover, for r = 2, we have exactly
S(Z) = 1 + β;
(3) Suppose that p = Ei∩C or p = Fi∩C for some i ∈ I and i 6= 0 or ∞. Let S˜ σ−→ S
be the blow-up of p and let Z be the exceptional curve of σ. Then
S(Z) =
1
2
+
14− r
8
β +O(β2), r ≥ 1;
(4) Suppose 0 /∈ I. Let p0 = F0 ∩ C. Let S˜ σ−→ S be the blow-up of p0 and let G be the
exceptional curve of σ. Let C˜ be the proper transform of C on S˜. Put q0 = G∩ C˜.
Let Ŝ
τ−→ S˜ be the blow-up of q0 and let Z be the exceptional curve of τ . Then we
have
S(Z) =
{
1 + 2β, r = 0,
1 + 8−r
4
β +O(β2), r ≥ 1.
Again, this follows from elementary computation. For the reader’s convenience, we
include the proof of case (2) with r = 2. The computation for other cases is similar.
Proof of Proposition 2.8(2) with r = 2. In this case, S is obtained by blowing up p0 and
another point pi (possibly p∞) on C. Then we have
Lβ ∼Q pi∗
(
(1 + β)F0 + βH0 + βH i
)− βE0 − βEi = (1 + β)(F0 + E0) + β(H0 +Hi).
Now let S˜
σ−→ S be the blow-up of p0 = E0 ∩ C with Z being the exceptional curve of σ.
Let F˜0, E˜0, H˜0 and H˜i be the proper transforms of F0, E0, H0 and Hi on S˜ respectively.
Then we have
σ∗Lβ − xZ ∼Q (1 + β)(F˜0 + E˜0) + β(H˜0 + H˜i) + (2 + 2β − x)Z.
Note that 
(σ∗Lβ − xZ) · F˜0 = (σ∗Lβ − xZ) · E˜0 = β − x,
(σ∗Lβ − xZ) · H˜0 = (σ∗Lβ − xZ) · H˜i = 1,
(σ∗Lβ − xZ) · Z = x.
So σ∗Lβ − xZ is nef for x ∈ [0, β]. Thus we have
Vol
(
σ∗Lβ − xZ
)
=
(
σ∗Lβ − xZ
)2
= 4β + 2β2 − x2, x ∈ [0, β].
And for x ≥ β, [CZ18, Corollary 2.8] implies
Vol
(
σ∗Lβ − xZ
)
= Vol
(
σ∗Lβ − xZ − x− β
2
(F˜0 + E˜0)
)
.
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Note that
(
σ∗Lβ − xZ − x−β2 (F˜0 + E˜0)
) · F˜0 = (σ∗Lβ − xZ − x−β2 (F˜0 + E˜0)) · E˜0 = 0,(
σ∗Lβ − xZ − x−β2 (F˜0 + E˜0)
) · H˜0 = (σ∗Lβ − xZ − x−β2 (F˜0 + E˜0)) · H˜i = 1− x−β2 ,(
σ∗Lβ − xZ − x−β2 (F˜0 + E˜0)
) · Z = β.
So σ∗Lβ − xZ − x−β2 (F˜0 + E˜0) is nef for x ∈ [β, 2 + β]. Thus for x ∈ [β, 2 + β] we have
Vol
(
σ∗Lβ − xZ
)
=
(
σ∗Lβ − xZ − x− β
2
(F˜0 + E˜0)
)2
= 4β + 3β2 − 2βx.
Now for x ≥ 2+β, we use Zariski decomposition [CZ18, Corollary 2.7]. Solve the following
equations: 
(
aF˜0 + bE˜0 + cH˜0 + dH˜i + (2 + 2β − x)Z
) · F˜0 = 0(
aF˜0 + bE˜0 + cH˜0 + dH˜i + (2 + 2β − x)Z
) · E˜0 = 0(
aF˜0 + bE˜0 + cH˜0 + dH˜i + (2 + 2β − x)Z
) · H˜0 = 0(
aF˜0 + bE˜0 + cH˜0 + dH˜i + (2 + 2β − x)Z
) · H˜i = 0
We get
a = b = c = d = 2 + 2β − x.
This implies, for x ∈ [2 + β, 2 + 2β], we have
Vol
(
σ∗Lβ − xZ
)
= Vol
(
(2 + 2β − x)(F˜0 + E˜0 + H˜0 + H˜i + Z)
)
= (2 + 2β − x)2(F˜0 + E˜0 + H˜0 + H˜i + Z)2
= (2 + 2β − x)2.
So we can compute∫ τ(Z)
0
Vol(σ∗Lβ − xZ
)
dx =
∫ 2+2β
0
Vol(σ∗Lβ − xZ
)
dx
=
∫ β
0
(4β + 2β2 − x2)dx+
∫ 2+β
β
(4β + 3β2 − 2βx)dx+
+
∫ 2+2β
2+β
(2 + 2β − x)2dx
= 4β + 6β2 + 2β3.
Thus we get
S(Z) =
1
L2β
∫ τ(Z)
0
Vol(σ∗Lβ − xZ
)
dx =
4β + 6β2 + 2β3
4β + 2β2
= 1 + β.

Note that Proposition 2.8 has the following consequence.
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Corollary 2.9. We have the following upper bound for δ-invariant.
(1) If 0 ∈ I, then
δ
(
S, (1− β)C) ≤ 1 + r − 2
4
β +O(β2), r ≥ 1.
Moreover, when r = 2, we have exactly
δ
(
S, (1− β)C) = 1,
and the infimum of (2.1) is obtained by the Z in Proposition 2.7(2).
(2) If 0 /∈ I, then
δ
(
S, (1− β)C) ≤ 1 + rβ +O(β2), r ≥ 0.
Moreover, when r = 0, we have exactly
δ
(
S, (1− β)C) = 1,
and the infimum of (2.1) is obtained by the Z in Proposition 2.7(4).
Proof. (1) Let Z be the divisor in Proposition 2.8(2). Then we have
A(Z) = 2− (1− β) = 1 + β.
Using (2.1), for r ≥ 1 we get
δ
(
S, (1− β)C) ≤ A(Z)
S(Z)
=
1 + β
1 + 6−r
4
β +O(β2)
= 1 +
r − 2
4
β +O(β2).
When r = 2, we have
δ
(
S, (1− β)C) ≤ A(Z)
S(Z)
=
1 + β
1 + β
= 1.
To see this is actually an equality, we need to use some deeper results. Suppose that
∞ ∈ I, so (S,C) is obtained by blowing up p0 and p∞. Then Proposition 2.2 implies that
(S, (1− β)C) is K-polystable, so we have the other direction:
δ
(
S, (1− β)C) ≥ 1.
If∞ /∈ I, then the C∗-action on (S,C) (see Subsection 2.3 for details about this action)
induces a K-polystable degeneration of the log Fano pair (S, (1 − β)C). To be more
precise, we are blowing up p0 and another point pi on the (1, 2) curve C. Then C∗-action
on (S,C) fixes p0 but moves pi towards p∞. So this action induces a degeneration from
(S,C) towards the above K-polystable pair obtained by blowing up p0 and p∞. By the
lower semi-continuity of δ-invariant (cf. [BL18]), we again obtain
δ
(
S, (1− β)C) ≥ 1.
(2) Let Z be the divisor in Proposition 2.8(4). Then we have
A(Z) = 3− 2(1− β) = 1 + 2β.
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Using (2.1), for r ≥ 0 we get
δ
(
S, (1− β)C) ≤ A(Z)
S(Z)
=
1 + 2β
1 + 8−r
4
β +O(β2)
= 1 + rβ +O(β2).
When r = 0, we have
δ
(
S, (1− β)C) ≤ A(Z)
S(Z)
=
1 + 2β
1 + 2β
= 1.
To see this is actually an equality, we use [CR15, Proposition 7.4], which implies that
(S, (1− β)C) is K-polystable, so we have the other direction:
δ
(
S, (1− β)C) ≥ 1.

Remark 2.10. Suppose that I = {0}, then Corollary 2.9(1) implies that
δ
(
S, (1− β)C) < 1
for sufficiently small β. This means that (S, (1−β)C) does not admit a KEE metric with
sufficiently small cone angle β. So Conjecture 1.2 fails in this case. Note that there is
another way to obtain δ
(
S, (1− β)C) < 1, which relies on the toric calculation in [BJ17,
Section 7]. Indeed, if I = {0}, then S ∼= Bl2P2 is a toric surface. One can determine
the polytope Pβ of Lβ and its barycenter bcβ. Let Z be the divisor in Proposition 2.8(2).
Then by [BJ17, Corollary 7.7], S(Z) can be explicitly computed as Z gives rise to a toric
valuation vZ . More specifically, following the notation therein, we have
S(Z) = 〈bcβ, vZ〉 − ψ(vZ) = 4(1 + β)
2
4 + 3β
,
where bcβ =
(
−(4β2+9β+6)
3(4+3β)
, −(7β
2+12β)
3(4+3β)
)
, vZ = (2, 1) and ψ(vZ) = −(2 + 3β). So that
δ
(
S, (1− β)C) ≤ A(Z)
S(Z)
=
4 + 3β
4 + 4β
< 1.
Figure 3. The fan of S and the polytope Pβ of Lβ
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Remark 2.11. Let us take a closer look at the case when I = {0, i} with i 6= ∞. Then
Aut(S,C) is discrete. We claim that (S, (1 − β)C) does not admit a KEE metric with
sufficiently small cone angle. If this is not the case, then the existence of a KEE metric
implies the properness of K-energy, and hence the pair (S, (1−β)C) is uniformly K-stable.
So we should have δ
(
S, (1− β)C) > 1, contradicting Corollary 2.9(1). So Conjecture 1.2
fails in this case as well. There is another way to see this. Indeed, as we have seen in the
proof of Corollary 2.9(1), (S, (1−β)C) admits a K-polystable degeneration, which implies
that (S, (1 − β)C) cannot be K-stable. So (S, (1 − β)C) is strictly K-semistable and it
cannot admit a KEE metric. In other words, we get a family of strictly K-semistable log
Fano surfaces degenerating to a K-polystable log Fano surface. This can be thought of as
a 2-dimensional log version of Tian’s Mukai-Umemura example (see [Tia97]).
In the following table we summarize what is known about the K-stability of the asymp-
totically log del Pezzo surfaces (S,C) = (SI , C).
I K-stability
{i1} ⊂ {0,∞} K-unstable
{i1} 6⊂ {0,∞} ?
{i1, i2} = {0,∞} strictly K-polystable
∅ 6= {i1, i2} ∩ {0,∞} 6= {0,∞} strictly K-semistable
{i1, i2} ∩ {0,∞} = ∅ ?
3 ≤ #I ≤ 6 ?
#I ≥ 7 K-stable
Table 1. K-stability for (SI , C)
Remark 2.12. In the cases where we know the answer according to Table 1, it turns out
that K-(semi/poly-)stability coincides with the GIT-(semi/poly-)stability of the point
configuration on C ∼= P1 consisting of the blowup centers and the two special points p0
and p∞. More precisely, we consider (p0, p∞, (pi)i∈I) ∈ (P1)#I+2 and ask for the stability
in the GIT sense of this point with respect to the diagonal SL(2)-action on (P1)#I+2 and
the unique SL(2)-linearization of O(1, . . . , 1). In the light of this observation it is natural
to expect that the remaining cases should all be K-stable, as the corresponding point
configurations are indeed GIT-stable.
3. Higher dimensional counterexamples and further discussion
In this section we investigate the Cheltsov–Rubinstein program in higher dimensions.
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3.1. Product spaces.
There are also simple counterexamples to Conjecture 1.2 by taking products of log
Fano pairs. Let X1 and X2 be two smooth Fano varieties. Suppose that F ∈ | −KX | is a
smooth divisor. Put
X := X1 ×X2, D := F ×X2.
Then in particular, −KX = p∗1(−KX1) + p∗1(−KX2) and D ∈ | − p∗1KX1|, where p1 and p2
are the natural projections from X to X1 and X2 respectively. It is clear that (X,D) is
an asymptotically log Fano pair, as for any β ∈ (0, 1],
−KX − (1− β)D ∼Q β · p∗1(−KX1) + p∗2(−KX2)
is ample. Moreover, −(KX +D) = p∗2(−KX2) is a nef divisor with (KX +D)n = 0.
On the other hand, from the definition of δ-invariant, we clearly have
(3.1) δ
(
X, (1− β)D) ≤ min{δ(X1, (1− β)F), δ(X2)}.
So in particular, if X2 is a K-unstable Fano manifold with δ(X2) < 1, then δ
(
X, (1 −
β)D
)
< 1 as well. So in this case the pair
(
X, (1− β)D) cannot admit any KEE metric.
Example 3.2. Take X1 = P2 and X2 = BlpP2. Let F be a smooth cubic curve on X1.
Then the pair (X,D) we constructed above is asymptotically log Fano with (KX+D)
4 = 0.
And the log pair
(
X, (1 − β)D) does not admit any KEE metric for β ∈ (0, 1]. So
Conjecture 1.2 fails in this case.
Remark 3.3. (3.1) is actually an equality by the recent work [Zhu19].
3.2. K-stability of the base.
By Shokurov’s base-point-free theorem, it is easy to see that if (X,D) is asymp-
totically log Fano, then the divisor −(KX + D) is semi-ample and we let φ : X → Y
be its corresponding ample model (i.e. φ has connected fibers and −(KX + D) = φ∗L
for some ample divisor L on Y ). Since −(KX + D) is not big by assumption, we have
dimX > dimY and in particular, φ is not birational. As KX + D ∼φ.Q 0 and (X,D) is
lc, we can write KX +D ∼Q φ∗(KY +B +M) for some effective divisor B (the boundary
part) and some pseudo-effective divisor M (the moduli part) by the canonical bundle
formula [Kol07, Theorem 8.5.1]. The example of product varieties above suggests that
in order for Conjecture 1.2 to be true, we may need to impose some conditions on the
K-stability of the generalized pair (Y,B + M). Here we give a definition of uniform
K-stability and K-semistability of a generalized klt log Fano pair similar to the valuative
criterion of Fujita [Fuj19] and Li [Li17].
Definition 3.4. Let (Y,B+M) be a projective generalized klt pair such that −(KY +B+
M) is ample.
(1) For any prime divisor E over Y , We define
SY,B+M(E) :=
1
Vol(−KY −B −M)
∫ ∞
0
Vol(−KY −B −M − tE)dt.
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(2) We say that (Y,B + M) is K-semistable if for any prime divisor E over Y , we
have AY,B+M(E) ≥ SY,B+M(E).
(3) We say that (Y,B + M) is uniformly K-stable if there exists  > 0 such that for
any prime divisor E over Y , we have AY,B+M(E) ≥ (1 + )SY,B+M(E).
In the following proposition we show that K-semistability of the base (Y,B + M) is
necessary for Conjecture 1.2 to hold for (X,D).
Proposition 3.5. Notation as above. Assume that (X, (1−β)D) admits KEE metric for
all sufficiently small cone angle β > 0. Then (Y,B +M) is K-semistable.
Proof. Let E be a prime divisor over Y . Let piY : Y
′ → Y be a proper birational morphism
that extracts E as a Cartier divisor. Let X ′ be the normalization of the main component
of X ×Y Y ′ with projections piX : X ′ → X and φ′ : X ′ → Y ′. Let L′ = pi∗YL and
D′ = pi∗XD. Then or any ample line bundle LX on X, we set
Vol(LX − tE) := Vol(pi∗XLX − tφ′∗(E))
where n = dimX. We define the expected vanishing order SX,(1−β)D(E) of the log Fano
pair (X, (1− β)D) along E by
SX,(1−β)D(E) =
1
Vol(−KX − (1− β)D)
∫ ∞
0
Vol(−KX − (1− β)D)− tE)dt.
We claim that
(3.6) lim inf
β→0+
SX,(1−β)D(E) ≥ SY,B+M(E).
Let r = dimX − dimY ≥ 1, let C = (n
r
)
and let F be a general fiber of φ. As (X,D) is
asymptotically log Fano, βD ∼φ.Q −(KX + (1 − β)D) = φ∗L + βD is φ-ample for some
0 < β  1 and we have
Vol(−KX − (1− β)D) = ((−KX − (1− β)D)n) = Cβr((φ∗L)n−r ·Dr) +O(βr+1)
since φ has relative dimension r. As L is ample and D is φ-ample, it is easy to see that
((φ∗L)n−r ·Dr) = (Ln−r)(Dr · F ) > 0, hence
(3.7) Vol(−KX − (1− β)D) = Cβr(Ln−r)(Dr · F ) +O(βr+1).
For any t ≥ 0 such that Vol(L − tE) > 0 and any  > 0, by Fujita’s approximation
theorem (see e.g. [LM09, Theorem D]) we may assume that (after possibly replacing piY
by another birational morphism) there exists Q-divisors A and N on Y ′ such that A is
ample, N is effective, L′ − tE = A+N and Vol(A) = (An−r) > Vol(L− tE)− . As D is
φ-ample, D′ is φ′-ample, thus φ′∗A+ βD′ is ample for sufficiently small β > 0. It follows
that
Vol(−KX − (1− β)D − tE) ≥ Vol(φ′∗(L′ − tE) + βD′)
≥ Vol(φ′∗A+ βD′)
= ((φ′∗A+ βD′)n) = Cβr(An−r)(Dr · F ) +O(β2)
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where the last equality follows from the projection formula and the ampleness (resp.
φ-ampleness) of A (resp. D′) as before. In particular, we have
lim inf
β→0+
β−rVol(−KX − (1− β)D − tE) ≥ C · (An−r)(Dr · F )
> C · (Vol(L− tE)− ) (Dr · F ).
As this holds for all  > 0, we obtain
lim inf
β→0+
β−1Vol(−KX − (1− β)D − tE) ≥ C · Vol(L− tE) · (Dr · F ).
Therefore by Fatou’s lemma we see that
(3.8) lim inf
β→0+
1
βr
∫ ∞
0
Vol(−KX − (1− β)D − tE)dt ≥ C · (Dr · F )
∫ ∞
0
Vol(L− tE)dt.
The claimed inequality (3.6) then follows by combining (3.7) and (3.8) as L ∼Q −(KY +
B +M).
We now proceed to show that (Y,B+M) is K-semistable, i.e. AY,B+M(E) ≥ SY,B+M(E)
for all prime divisors E over Y . We keep the notation as above. By construction (see
[Kol07]), after possibly replacing the birational morphism piY : Y
′ → Y , we may assume
that if we write KY ′ +B
′+M ′ ∼Q pi∗Y (KY +B+M), then M ′ is nef and the coefficient of
E in B′ is 1− lctE(X ′, G;φ′∗E) where (X ′, G) is the crepant pullback of (X,D) and the lct
is taken only over the generic point of E. In particular, AY,B+M(E) = lctE(X
′, G;φ′∗E).
Since (X, (1−β)D) admits KEE metric for all sufficiently small cone angle β > 0, we have
δ(X, (1 − β)D) ≥ 1. In particular, if (X ′, Gβ) is the crepant pullback of (X, (1 − β)D),
then (X ′, Gβ + SX,(1−β)D(E) · φ′∗E) is lc. Letting β → 0 and using (3.6), we deduce that
(X ′, G+SY,B+M(E) ·φ′∗E) is lc, hence SY,B+M(E) ≤ lctE(X ′, G;φ′∗E) = AY,B+M(E) and
we obtain βY,B+M(E) ≥ 0 as desired. 
Unfortunately, the example from Corollary 2.9(1) shows that only assuming K-
semistability of the base is still not enough for Conjecture 1.2 to be true. So it seems to
to the authors that the existence of KEE metrics on a asymptotically log Fano pair is a
subtle problem and the condition (KX +D)
dimX = 0 is only necessary. More complicated
structures, such as the fibration to the ample model of −(KX +D), should be taken into
consideration.
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